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Tornado waves are characterized by their unique ability to accelerate and twist light in radial and angular
dimensions. These beams are generated by manipulating orbital angular momentum, but detecting their
topological charge has been an uncharted territory. This paper presents a novel Tornado beam based on off-axis
vortices-embedded circular swallowtail beams. We analyze the light propagation dynamics and employ cross-

phase modulation to measure the topological charge of this circular swallowtail tornado beam with multiple
vortices. Our method has been confirmed through computer simulations and experimental observations,
proving its reliability. This technique offers a time-efficient and practical solution for measuring topological
charges within tornado beams. This feature is highly beneficial for applications in light trapping and the
advancement of optical communication systems.

1. Introduction

Wavefront shaping stands at the forefront of modern photonics,
enabling the creation of structured light through various methods
to generate customized light fields. This technology is a hot topic
in research due to its extensive applications in imaging, nonlinear
optics, and biophotonics [1-4]. Light structuring involves the spatial
modulation of the light wave’s phase, amplitude, and polarization,
offering significant advantages over unstructured light. The Laguerre-
Gauss mode [5] and the Bessel beam [6,7] are circularly symmetric
solutions to the paraxial wave equation that carry optical vortices.
These waves are characterized by the induction of topological charges
into the wave field through the imprinting of a helical phase, result-
ing in an optical vortex that carries orbital angular momentum and
exhibits a rotating phase structure as it propagates [8-11]. Caustics,
another form of structured light, are points, lines, or surfaces where
light rays converge, forming the envelope of a family of rays [12].
With fewer than four control parameters, there are seven fundamental
caustic mutations, including folded, pointed, swallowtail, butterfly,
elliptic umbilic, hyperbolic umbilic, and parabolic umbilic [13-15].
Airy beams, introduced in 2007 [16-18], Pearcey beams, observed in
2012 [19], and swallowtail and butterfly beams, systematically studied
in 2017 [20,21] are notable for their auto-focusing and self-healing
properties, which have been extensively studied [22-25]. Once the
Airy beam carries with OAM, the vortex of modulated Airy beams
follow the parabolic trajectory of the main blade [26]. In contrast,
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the vortices follow the power flow and, consequently, the trajectory
of the main lobe when ring Airy beams and ring Airy Gaussian beams
are modulated by an off-axis vortex or a pair of vortices [27-29].
Furthermore, combining ring Airy beams with power-exponent-phase
may result in helical intensity distribution [30-32].

In 2020, a new type of wave packet, tornado waves (ToWs), was
proposed by Brimis et al. through superposing two OAM ring Airy
beams with opposite signs [33,34]. Subsequently, improved ToSWs
composed of two circular swallowtails with opposite signs were pro-
posed theoretically and experimentally [35,36]. Recently, Brimis et al.
provided a new type of modified ToWs were proposed by injecting
a limited number of off-axis optical vortices into a single toroidal
Airy beam using wavefront shaping [37]. These ToWs have poten-
tial applications ranging from direct laser writing [38] to laser cap-
ture [39], nonlinear wave mixing [40], harmonic generation [41], and
high-power terahertz generation [42].

Orbital angular momentum (OAM) states present new degrees of
freedom for manipulating light [43,44]. To date, various techniques
have been developed to measure the topological charges of vortex
beams (VBs). Despite the optical setup for the interference method
being straightforward, the experimental outcomes it provides often
need to be more intuitive. Recently, researchers have employed phase
modulation techniques to determine the topological charge (TC) of
vortex beams, and the number of topological charges carried by the
beam can be visually discerned by examining the intensity pattern of
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the diffraction pattern after phase modulation. The modulation phases
commonly employed in these methods include twisted (cross phase,
CP) [45], lens phase [46], and sinusoidal phase [47]. Recently, interest
in embedding multiple vortex singularities within the main beam,
rather than just a single vortex, has increased, driven by the need to
enhance communication capabilities and manipulate multiple particles.
However, until now, there have been no reports on detecting multi-
vortex topological charges in tornado beams that are accelerated and
distorted in both radial and angular directions.

In this study, we introduce a novel type of tornado-like intensity
profile by implanting a select number of off-axis optical vortices into
a single circular swallowtail beams (CSBs). Employing a combination
of theoretical and experimental methodologies, we have successfully
observed the light propagation behavior and measured the topological
charge of multiple-vortex circular swallowtail tornado beams (MVC-
STBs), utilizing the cross-phase (CP) measurement technique. Our find-
ings present a time-efficient and practical method for quantifying the
topological charges of multiple vortices within a rapidly autofocusing
beam. This capability holds significant potential for light manipulation
and optical communication systems applications.

2. Theory

In the field of optics, according to catastrophe theory, the caustic
field C,(a) is expressed by a standard diffraction catastrophe integral
as:

Cn(a)=/exp[ip,,(a,s)]ds, (@D)]
R

The properties of the caustic field are determined by the regular
potential function p,(a, s), which is defined as

n-=2

p,(a,s)=s"+ Z a;s/, 2)
j=1

where a = (@, a,, ..., a;) is a set of dimensionless control parameters a;,

and a = 1,2,...,n—2; s is a state parameter. For the case of n = 5, the
fifth-order catastrophe field Cs(a,, a,,a3) — also named as swallowtail
beam Sw(a,, a,, a3) can be expressed as:

o
Sw(ay,ay,a3) = / expli(s® + a3s® + aps® + a;9)ds. 3)

In this section, we propose a new type of tornado wave. By in-
corporating a finite number of optical vortices with the phase of @,
into a single circular swallowtail light field y.g, we obtain the light
field of multiple-vortex circular swallowtail tornado beams (MVCSTBs)
described as follows:

wmvcstas(r 0, 0) = Agwcs exp(i®,), 4

where A is the constant amplitude of the electric field,

wes = Sw ('z;r,0,0) exp [—b(r"w;zr)z] is the light field of the circular
swallowtail beams, r, is the primary ring radius [25], a is spatial
distribution factors that affect the beam intensity distribution, and b
is a constant. w is the initial widths of the beams. @, = Zj\i 1;6; is
the phases of introduced vortices, M is the number of vortices, / ;s
the topological charge of each vortex, and 6, represents the azimuth of
each centrifugal optical vortex, defined as:

%), ®)

J

0; = arctan(
where x; and y; are coordinates representing the center of the vortex.

In paraxial optical systems, the propagation of such a beam is
governed by the paraxial wave equation [25]:

Loy w 1oy 1Py
21k$+ﬁ+;; r—zm— (6)
where k = 2x/4 stands for the wave number and A is the laser
wavelength.

By inserting three vortices (I, = /[, = I3 = —2) in a circular swal-

lowtail beam, MVCSTBs is achieved as shown in Fig. 1. The distance
between the beam center and the vortex center is r, = 0.7 mm.
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3. Experiment and simulation

In this paper, we will experimentally verify the generation of MVC-
STBs and measure their topological charges via cross-phase modulation.
The experimental device is the same as that in Ref. [48]. The Gaussian
beam with wavelength 4 = 532 nm is extended and collimated from
the solid-state laser through a beam expander composed of two lenses
(f; = 50 mm, f, = 250 mm), and the beam matches the polarization
requirements of the spatial light modulator (SLM) after passing through
the polarizer P. The beam is then incident on a spatial light modu-
lator [SLM, pixel size 8.2 pm, pixel resolution (H) 1920 x (V) 1200
pixels] via a beam-splitter (BS), on which a pre-designed hologram
loaded can be generated by interference between MVCSTBs and the
plane wave. The beam modulated by the SLM passes through the BS and
then through a 4f system consisting of two lenses (f; = 100 mm, f, =
100 mm) and a filter (F). The filter F is used to select the first diffraction
order of the beam. By adjusting the position of the charge-coupled
device (CCD), the expected light intensity distribution of MVCSTBs at
different transmission distances can be obtained.

Although there is no analytical solution for MVCSTBs in free space,
we have employed the angular spectrum theory [49] to simulate the
propagation of light beams numerically. In the simulation, we set A, =
1, A =532 nm, ry = 0.8 mm, a = 0.06, w = 0.5 mm, b = 0.5. Unless
otherwise stated, these parameters remain unchanged.

First, we considered the simple scenario where the circular swallow-
tail beams are modulated by two vortex phases, each with a topological
charge of /; = 2 (j = 1, 2) and symmetrically positioned relative to the
beam’s center. Specifically, the vortices are located at (x,y,) = (-0.7,
0) and (x,,y,) = (0.7, 0). The propagation dynamics of this initial
configuration are illustrated in Fig. 2. Fig. 2(a) presents a side view
of the MVCSTBs’ propagation. The propagation dynamics of this beam
are very similar to the recently introduced ToWs [33,34]. Moreover,
compared with introducing a limited number of vortices into a single
annular airy beam [37], the swallowtail diffraction mutations have
higher dimensions, more diversity, and tunability. Figs. 2(b1)-2(b5)
display the transverse intensity distribution maps at various distances
z, as indicated by the white dashed lines in Fig. 2(a), while Figs.
2(c1)-2(c5) show the corresponding phase distributions. From Fig.
2(a), it is observable that the beam follows a parabolic trajectory.
At the same time, the two vortex singularities in the initial plane
of the MVCSTBs develop into four vortex singularities, each with a
topological charge of 1, indicated by the black circles in Figs. 2(c1)
and (c5). This evolution can be attributed to the instability of higher-
order vortex singularities [37]. Incorporating off-axis vortices leads
to the synchronous counterclockwise rotation of high-intensity lobes
during beam propagation, resulting in an intensity profile reminiscent
of a tornado. The high-intensity lobes in ToWs trace a spiral path
with a decreasing radius and pitch [33,34]. Additionally, the cross-
sectional images in Figs. 2(b1)-2(b5) reveal that the rotation of the
high-intensity lobe is, to some extent, associated with the rotation of
the optical vortex. When the two vortices are in proximity, the size
of each high-intensity lobe diminishes as the beam propagates [37].
Our experiments further validated that embedding a finite number
of off-axis vortices within a single circular swallowtail beam induces
the beam to rotate freely and display a tornado-like intensity pattern.
By comparing the experimental cross-sectional intensity distributions
in Figs. 2(d1)-2(d5) with the numerical simulation results in Figs.
2(b1)-2(b5), a high degree of agreement between the experimental and
simulated results is apparent.

The mathematical expression of the cross phase in Cartesian coor-
dinates is:

D (x,y) = u(x cos ¢ — y" sin ¢)(x™ sin ¢ + y" cos @), 7

therefore, the MVCSTBs optical field with cross-phase modulation can
be expressed as:

ye(r,0,0) = wyyestes(7 0, O)BXP(i‘Dc), ®
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Fig. 1. Formation of MVCSTBs.
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Fig. 2. Propagation of the MVCSTBs in the free space with /;, =/, = 2. (a) Dissemination side view of MVCSTBs; (b1-b5) corresponding to (a) the x — y cross-section intensity
distribution of the white dotted line; (c1-c5) phase distribution corresponds to (b1-b5) respectively; (d1-d5) Experimental results correspond to (b1-b5) respectively.
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Fig. 4. Propagation of the CP-modulated MVCSTBs in the free space. (a) Side view of the propagation of the MVCSTBs modulated by CP; (bl)-(b5) Simulated transverse
intensity distributions at different z in (a) marked with white dotted lines; (c1)-(c5) Phase distributions corresponds to (b1)-(b5), respectively; (d1-d5) Experimental observations

corresponding to (b1)-(b5), respectively.

where the parameter u is the conversion rate, the azimuth factor ¢ is
the rotation angle of the conversion beam on a specific plane, and n
and m are positive integers. When ¢ = 0, n = 1, m = 1, the formula
can be simplified to: @(r,0) = ur? cos@siné in cylindrical coordinate
system. Similar to the literature [45,50,51], here we only consider this
low-order case to study the measurement of topological charges.

The physical mechanism by which CP measures the topological
charge of a single vortex singularity is believed to be effective
anisotropic diffraction, resulting in the rapid splitting of the vortex
singularity [51]. Meanwhile, the anisotropic diffraction effect of CP
can also be used for topological charge measurement of multi-vortex
singularities [52]. Figs. 3(al)-3(a3), respectively, represent the phase
of MVCSTBs, the cross-phase, and the phase of MVCSTBs after being
modulated by the cross phase. Wesetu =5,¢p=0,n=1,m= 1.

Therefore, we use CP to modulate MVCSTBs in the initial plane
and study its propagation characteristics, as shown in Fig. 4. The beam
parameters here are the same as those in Fig. 2. The side view of the
propagation of CP-modulated MVCSTBs is displayed in Fig. 4(a). Figs.
4(b1)-4(b5) and Figs. 4(c1)-4(c5) show the transverse intensity and
phase distributions corresponding to different distances z, which cor-
respond to the white dashed lines in Fig. 4(a) respectively. Compared
with Fig. 2, it can be found that there is a significant change in the

light intensity distribution after autofocus. Due to the mode conversion
characteristic caused by CP, the hidden topological charge information
in MVCSTBs is presented in the form of a set of separated nodes, where
the number of gaps between nodes (the “dark region” between high-
energy regions) is equal to the sum of the number of topological charges
in MVCSTBs. The arrangement of “dark regions” is vertical. Therefore,
the CP modulation method can still be used to measure topological
charges of multiple vortex singularities. At the same time, we also
conducted experimental verification, as shown in Figs. 4(d1)-4(d5),
and it can be seen that the experimental results are consistent with the
simulation results.

Next, we consider cases with negative topological charges, where
M =3 and [/, =1, = I3 = -2. In the case of more embedded singu-
larities, for convenience, all embedded singularities are symmetrically
distributed on a circle with radius r, = 0.7 mm, and the three vortices
are placed in the position shown by the white dotted line in Fig. 5(al).
Figs. 5(al-a5) and 5(c1-c5) show the intensity and phase distributions
of MVCSTBs and MVCSTBs with CP on the z = 0, 250 mm, 300 mm,
350 mm, 400 mm plane (illustration), and the experimental results
are shown in Fig. 5(b1-b5) and 5(d1-d5), respectively. Due to the
addition of off-axis vortices (I, = I, = I3 = -2), the beam’s high-
intensity lobes rotate clockwise during propagation, as shown in Figs.
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Fig. 5. Detected of MVCSTBs with negative topological charges, I, = [, = I; = —2, by using the cross-phase method. (al-a5) Simulated transverse intensity distribution at
different z. (b1-b5) Experimental observations corresponding to (al-a5); (c1-c5) Simulated transverse intensity distribution with CP-modulated; (d1-d5) Experimental observations
corresponding to (cl1-c5). Three white dotted circles indicate the positions of three vortices, and the insets at the right-bottom indicate their phase distributions.

5(al)-5(a5) is precisely the opposite of the case in Figs. 2(b1)-2(b5),
where the embedding topological charges is positive. Similarly, we
observe that as the beam propagates, the size of each high-intensity
lobe also decreases as it propagates and then diffuses. For MVCSTBs
with CP in this case, the hidden topological charges information in
MVCSTBs is also presented as a set of separated nodes, where the
number of gaps between nodes (the “dark region” between the high
energy regions) is equal to the sum of the number of topological charges
in MVCSTBs, due to the mode switching properties caused by CP.
However, it is worth noting that the arrangement of the “dark zone” at
this time is horizontal, which differs from the case in Figs. 4(b1)-4(b5),
where the embedded topological charges are positive. Therefore, we
can judge the positive and negative topological charges in MVCSTBs
by the arrangement and number of “dark regions”. By comparing the
measured section intensity distribution in Figs. 5(b1-b5) and 5(d1-d5),
it can be found that the experimental results are highly consistent with
the numerical simulation results shown in Figs. 5(al-a5) and 5(c1-c5).

In the following, we investigate where multiple vortex points are
placed symmetrically. We superimpose multiple topologically charged
vortices placed symmetrically in the center of the beam to form a
regular polygon. Similar to the previous discussion, all vortices have
the exact topological charges (/ = +2). Figs. 6(al-ab) and 6(b1-b5)
depict the intensity distribution and phase distribution of each beam
in the initial plane (z = 0). The positions of the vortices are cov-
ered by polygons, with circles (white dashed lines) at each vertex
marking the position of each vortex. The intensity distribution and
experimental results corresponding to MVCSTBs in the focal area (z =
340 mm) are shown in Figs. 6(c1-c5) and 6(d1-d5). The presence of
optical vortices leads to the azimuth modulation of the beam intensity
and the formation of uniformly distributed high-intensity lobes. In all
symmetric configurations, the vortex’s rotation follows the strength
lobe’s rotation [37]. The intensity distribution and experimental results
corresponding to MVCSTBs with CP in the focal area (z = 340 mm)
are shown in Figs. 6(el-e5) and 6(f1-f5). With the increment of vortex
numbers, the intensity distribution will change somewhat. The intensity
of the central region will decrease, and the gap numbers between nodes
are 4, 6, 8, 10, and 12, respectively, corresponding to the different cases

of the number of vortex singularities (M = 2 ~ 6). Here, the gaps be-
tween nodes in each subgraph equal the number of topological charges
carried by MVCSTBs. The simulation results are in good agreement with
the experimental results.

At the same time, we also study situations where the vortex is
asymmetrical and the topological charges are not equal. In Fig. 7, we
give four examples of this asymmetric configuration. More specifically,
as we see in Figs. 7(al)-7(a4), in Fig. 7(al), we consider the case of a
single vortex (I = 4). In Fig. 7(a2), two vortices (/, = I, = 3) are located
at an azimuth that is not perpendicular to each other. In Fig. 7(a3), the
two vortices (I, = —4, [, = —2) are at azimuth angles perpendicular to
each other. In Fig. 7(a4), the three vortices (/; = -4, [, = -1, I3 = =3)
are located at different azimuths and radial positions. Figs. 7(c1-c4)
and 7(d1-d4) show the intensity distribution and experimental results
corresponding to the focal region (z = 340 mm) of MVCSTBs with
CP in the case where the vortex configuration is asymmetric and the
topological charges are not equal. The simulation results are consistent
with the experimental results, and the number of gaps between nodes
still equals the total number of topological charges carried by all vortex
points.

Finally, although the total OAM of a beam in free space is a con-
served quantity, we expect it to be conserved for all possible geometric
configurations and topological charges. For example, when vortices
have topological charges with opposite signs on the initial plane z =
0, as they propagate, they will approach the center of the beam and
annihilate in pairs of / = +1 and / = —1, see Ref. [27]. As a result,
the vortices will annihilate in pairs without intensity modulation and
vortices [37]. However, we investigated the case where vortex positive
and negative topological charges are present simultaneously and are
not equal. Figs. 8(al)-8(a5) shows five different scenarios in which
six vortex singularities are embedded in the circle (at the position of
the dotted white line), and the specific topological charges are marked
inside the dotted white line. Figs. 8(b1)-8(b5) corresponds to its phase
mode respectively. Figs. 8(cl1-c5) and 8(d1-d5) correspond to the
numerical simulation and experimental results when the propagation
distance z = 340 mm in five cases. The experimental measurement
results agree well with the simulation results. The number of gaps
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Fig. 6. Topological charges detection of symmetrically configured vortices. (al-a5) The initial intensity distribution at the initial plane z = 0 (The dotted white circles mark the
position and size of each vortex); (b1-b5) phase distribution corresponds to (al-a5) respectively; (c1-c5) correspond to the intensity distribution of MVCSTBs on the z = 340 mm
plane, respectively. (d1-d5) experimental results corresponding to (c1-c5); (el-e5) corresponding to the intensity distribution of MVCSTBs with CP on the z = 340 mm plane,

respectively; (f1-f5) experimental results correspond to (el-e5).

between nodes equals the net topological charge carried by the embed-
ded vortex singularities. Here, the number of gaps between nodes in
each case is 5, 6, 8, —6, and —7, corresponding to the total number
of singular topological charges in different cases. The feasibility of
this measurement method in detecting MVCSTBs topological charges
is further proved.

4. Conclusion

In conclusion, we have developed a wavefront shaping technique by
integrating a limited number of off-axis optical vortices into a single
circular swallowtail beam, thereby generating optical tornadoes. By
applying both simulation and experimental approaches, we observed
the propagation dynamics of light and, for the first time, measured
the topological charges of these tornado beams. We discovered that
a tornado beam forms when the net charges of the vortices are non-
zero, and as the number of vortices increases, so does the number of
main lobes in the tornado light. Our results also confirmed that the
rotation and twist of the tornado beams become more pronounced with
increasing propagation distance. The experiment further demonstrated
that the number of diffraction fringe dark traces, or nodal lines, in CP-
modulated tornado beams, corresponds to the net topological charges
of the tornado light. The insights from our work have expanded our
understanding of tornado light and hold promise for applications in
light capture and optical communication systems.
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Fig. 7. Topological charges detection of asymmetrically configured vortices. (al-a5) The initial intensity distribution at the initial plane z = 0 (The dotted white circles mark the
position and size of each vortex); (b1-b5) phase distribution corresponds to (al-a5) respectively; (c1-c5) corresponds to the intensity distribution of MVCSTBs with CP on the z
= 340 mm plane, respectively. (d1-d5) Experimental results correspond to (c1-c5).
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Fig. 8. The situation where both positive and negative topological charges are present simultaneously. (al-a5) The initial intensity distribution at the initial plane z = 0 (the
dotted white line marks the position and size of each vortex); The phase distribution (b1-b5) corresponds to (al-a5) respectively; (c1-c5) corresponds to the intensity distribution
of MVCSTBs with CP modulation on the z = 340 mm plane, respectively. (d1-d5) Experimental results correspond to (c1-c5).
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